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atoms are present in the alloy to give the needed 
accuracy. We may recall that the moments are obtained 
from intensities of peaks, not from line position as is 
the case for the hyperfine fields. The study of the 
ordered alloy of 25% Rh can probably provide the 
needed information on the Fell moment. The task be
comes considerably easier if one can obtain FesAl-type 
ordering. As already mentioned, our effort to obtain 
this type of ordering was not successful. At present, 

I. INTRODUCTION 

THE purpose of this note is to extend to one-phonon 
processes the calculation of the field dependence 

of the spin-lattice relaxation time. Because of the 
complexity of the equations we will present explicit 
expressions for the relaxation time only for those salts 
having gi=0. The formalism used will be that of Van 
Vleck,1 Gorter,2 and Hebel and Slichter,3 while the 
notation will be similar to that of Orbach,4 who com
puted the field dependence of the two-phonon process. 
Although we restrict our treatment to spin-lattice 
relaxation in rare earth salts, the theory is also appli
cable to the iron group salts, with certain provisos that 
are discussed in 01. Mention must also be made of the 
work of Bolger5 who has considered the field dependence 
of the spin-lattice relaxation time from a somewhat 
different point of view. 
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we are attempting to obtain a single crystal of 25% Rh 
ordered in CsCl type. 
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II. DERIVATION OF THE GENERAL FORMULA 
FOR THE RELAXATION TIME 

We begin with the general expression for the 
relaxation time,3 Ti, 

2\~2 Z«E«2 ' 
where Wa$ is the net relaxation rate between the levels 
a and 0, which have energies Ea and E$. The spin-lattice 
relaxation process takes place via the orbit-lattice 
interaction as discussed in detail in 01. We restrict 
our attention to Kramers salts, the extension to non-
Kramers salts being straightforward. In the case of 
Kramers salts the states \a) and \/3) form a time-
conjugate doublet in the absence of perturbations. A 
perturbation is, therefore, introduced to remove the 
degeneracy of the ground state and to couple in the 
excited states so that the relaxation process might take 
place. In our problem the perturbation V is the sum 
of the dipolar and Zeeman interactions. That is, 

V'=Vdip+Vz, (2) 
where 

Fa=£y0AH.J<», (3) 
and 

1 
FdiP=/32A2 £ — (A+B+C+D+E+F), (4) 

u,k) rjkz 
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The field dependence of the direct-process spin-lattice relaxation time for rare-earth salts having gx=0 
is computed taking into account dipolar coupling between the spins. Comparison is made with the correspond
ing relaxation time calculated in a modified effective-field approximation, and the presence of terms not 
found in the modified effective-field formula is noted. Conditions that must obtain for the effective-field 
approximation to be valid are discussed, and a numerical evaluation of the relaxation time for dysprosium 
ethyl sulfate is given. Extension of the calculation to salts not having gi = 0 is also considered. 
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with6 After rearranging terms we can write FdiP as follows: 

i l= ( JW,<*>) ( l -3cos»9 i i b ) ^diP= E apq*Os{j)OS{k)Yj+«Uk)*. (4') 

B=--i(JJiV+w+J^UJk))(l-3cos%k) T h e a^k a r e t h e a p p r o p r i a t e coefficients in the ex-

C = -HJJ»J w + / <'V4.<*>) « • > cos* •**-*«* p a n s i o n ( 5 ) ; *' * = 0 ' ± 1 ; a n d 0 l ± ^ = T / ± ° ' ) * I n t h e s e 

C - a ^ + ^ . + • / . ^+ ; s m ^ c o s t f ^ expressions the symbol p denotes the Bohr magneton, 
D=—~(J ( ?V ( & ) + 7 (?)/_(fc)) sin -̂fc cosd-kei<pjk ^ *s t n e Lande g factor, and H denotes the external 

magnetic field. The bracketed indices (j,k) indicate 
E— _ 3 / j o) j (fc)̂  si^^g^i^/fc that each pair of ions is to be counted once. 

In the presence of V the state vectors for the Jth 
F= - f (JJ»JJ») sm2djke

2i^K spin become 

k)'H«i)+ [=*=*»>+ W J ) + " , (6) 

!&>'=!&>+ l±i»)+— l±W+--- , (7) 
I —Ag — Ar J 

where |±J#y), |±Jry) , • • •, refer to the excited doublets of the j th spin, separated from the ground doublet by 
energies Aqj Ar, • • •, respectively. With these perturbed state vectors one proceeds directly to compute the net 
transition rate by methods outlined in OI.7 Making the assumption kT^>{V) and including only the first excited 
doublet, we find 

38a8
2kT smkofu 

Wafi= E <a| W ° |0>'<£l W > |«>' 
2irWpV5 i,i hrij 

68aR
2kT f sin&onv 

TTpVbfflAq
2 [i,2 koTij k,p,q 

X<ig*|(j8AH-J<*> + E ars
imY^{imYO^(i)Ois{m))\a) . (8) 

m,r,s ) 

In (8) we have introduced the following symbols: 8ap=Ea—Ep= energy difference between perturbed doublet 
states, p—density, V—velocity of sound, ko=dap/fiV, T— temperature in °K, FoL ( i ) = orbit-lattice interaction of 
i th spin, and ŷ  = Boltzmann ,s constant. 

The state vectors | a) are state vectors in the space of the entire system of N spins, and | \q3) is a state vector 
in the space of the j t h spin. 

Letting 

r y=03AH.JW)+ E a r s ^ F 2 ^ ( » * 0 / ( i ) 0 1
s ( m ) ) | | ^ ) ( i g y | 7 o L ( ? " ) , (9) 

m,r,s 

and 
3kT 

M= , (10) 
irpVh¥Aq

2 

we obtain for the relaxation time 

M E {E^E^a\Vi\fi)(fiWW) 
- = , (11) 

where, as before, a and /3 refer to states of the TV spin system. Noting that 

(a\V'\a)=Ea, (12) 

6 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 73, 679 (1948). 
7 See, in particular, Sec. 4. 
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(11) can be written as 

1 / sinforij \ 
—=Af (E« ^ H E (a\ V'VTi-lV'TiV'+TiV'V'llSXPl 7 T T / - 2 7 T / 7 ' + l V 7 ' 7 ' | a ) 1 
Tl \<*,P,i,3 koTij I 

M E — tr[F',CF',r,]][F',[F',ryt]] 

- . (13) 
t r F 2 

III. SPECIALIZATION g^Q SALTS 

Since the evaluation of (13) becomes prohibitively complex for the general rare earth salt, we will restrict our 
attention to salts having gi—0. As all matrix elements of JX and Jy within the ground doublet vanish for these 
salts, we can write 

7,=E/0Aff//»cos0, (14) 

Fd i p= E OVFYMJVWM™, (15) 

r , = GSAH-JW+E aro^YAjmrO^U^^mqjKkA W } . (16) 

We have noted that because Tj operates only between ground doublets of spins other than the ^th we need keep 
only terms containing /3

( m ) in its expansion (m^j). Since the trace is independent of representation we can work 
in the representation in which the state vectors are products of the state vectors of the individual spins. For 
gi=0 salts, 

E <«| V'VTi-27Ti7'+I\7'7'|0)</8| V'VTjt-lVTfV'+TfV'V'la) 
a.fi 

a<a<|r<|ft><ay|ftXi8,-|ai><i8y|rit|ay> = 0 (t9*j), (17) 

the last step following from the observation that Vf has only terms in Jz
(i) and Jz

u\ while Tj has only terms in 
/,<*> for k^j. 

Remembering that Tj connects only states |<x?) and |/?y) for which (aj\J^j)\aj)—— (fij\Jz
U)\Pj), we can write 

E <«| F ,FTy~2FT iF
/+r iF

,F , | ^ ) ( /3 | F , FT i t - 2FT i fF , +r y tF , F / | a )= 16 tr7'4ry iy. (18) 

The equation for the direct process spin-lattice relaxation time of gi=0 salts is thus written 

1/Ti= 16M Ey trVf%TjVtrV'2. (19) 

The evaluation of trF / 4ry iy is left to the Appendix. We give only the result. 

trF /4ryryt=|<i f t^^ 

XcosVE' Y2»(jky(aQoik)2\Hm^\s+6a* cos>6(t3AHy\{aj\h- J 0 ) | ky) | 2 E « F 2 ° ( » 2 ( W m ) 2 

+6«8cos2e(^A£r)2Em^2H>)2(aoo'm)2|i3'm
(')|2+12a8((3AH)2cos^i;'F2

001) 

XF2°(im)0oo%oo' '™#* (^m
w )M^ 

+3as(PAH)*\(aj\h-J«|§£,)|2E' r2°(./*)*F2°(»2(aoo'*)2(a0o>m)2+a10E F20(i*04(<W*)41Hka>J2 

+ a 1 0 E ' F2°0^)4(a0o^)4|ff»0)|2+3a10 E ' F s ' C i ^ ^ F ^ O ) 2 ^ ' ' * ) 2 ^ ' ™ ) 2 ! ^ 0 ^ 2 

&,w k,m,n 

+6a10 E ' F2»(iw)2F2°(^)2(aoo'm)2(aoo'7!)2| ̂ m(/) |2+4«10 E ' Y2°(jm)3Y2
0(jk) (aoo*")3(<W*) 

k,m k,m 
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XtHJ»HkM*+HJ»*Hk^+12a™ £ ' Y^{jk)W^Um)Y2\jn){aw'ky{aw'm){a^)Hm^Hn^* 
k,m,n 

+4a6(8A#)4 coss0 E a0o''*F2o(j£)[<ay| %• J<»|§?y>ff*W*+H*W<i©| A- JW)|ay>] 

+4a8(/?Ag)2 cos0E (aoo^WC/OTfol &• Jw|igy>H*w*+ff*w<if/| A- Jw) |ay)]+12a8(/3Ag)2 cos0 £ ' F2°(j&)2 

where 
a=Kay|/.<fl|ay>|=g„/2A, (21) 

A=H/ |H | , (22) 

ff«w = <ay|Er Oi'OW"IYC/«)*|igy>. (23) 

The prime on the summation symbol means that none of the indices that are summed over are equal. One obtains 
as well8 

t r F ' 2 = £ a2(/JAg)2 cos20+fa4 £ (aoo'*)2F2°(^)2. (24) 
3 3,k 

If we define 

wpV5WAq
2 

-Kky|FoL^|ft)|2 |(ay|^-J^||gy)i2 , (25) 

the inverse direct-process spin-lattice relaxation time in the absence of dipolar coupling,9 we find, after substituting 
(20) and (24) into (19) and rearranging terms, 

1 1 / 2JfiT'2cos20 12K*K'2 12a4X; r aF2
0(iw)2 |#J'>|2(ao</'")2 

_ = — ( j j t cos2e+iZ2)-i[ g 2 cos20+ \-6K*+ : 

Ti T10 \ sin20 g2sin20 ( /M^Kay^- J^ I I ? , ) ! 2 

12a4Zk.m Yi°(jk)Y2'>(jm)awika0lli
mHk^Hm^* 2a4 £ m F2

0(iw)4(a0o
J'm)4 4Z'2a4 £ m W » ) W " ) * 

08A)4fl»|(oy|A-JW|Jgy>|1 (SA)4H2 cos20 (0Ag)4 cos20 sin20 

3K* 6Z4Z'2 16a8E.r,0(i«)«(a0o>*)*|ff»W ) l* 12a4^2 £»,„, F2°(j£)2(a0o)'*)2|#>»(3',|2 

g ' c o s ^ g 4 cos20 sin20 (/M)6g4 cos201 (ay | A-J <>>|f9y>|2 (/?A)4g4cos20|(ay|A-J«>||?y>|2 

8a6 Efc.m F 2 ° ( j f t ) 3 F 2 ° (» (o 0 , ^ ) ' < W"[H t wg < .W*+g t W*g M W] 

(,3A)6g4 cosV|<ay| %• Jw ) | J?y)|2 

12a6 £*,„,„ Yf(jtyYJ>(jm)Yf(jn)(a0o
ik)2a0(l>

ma0^Hm^Hn^* 

(3A)6g4 COS201 (ay | A • J<» | §?y) 12 

4a2 cosfl E * FJ>(iife)floo^C<ay| &• JW l ^ g / b f a ^ + g t W q g y l A-JW |ay>] 
(^A)2 | (ay|A-J«|lg .) |2 

_ 8a4 £ * F2»(^)3(a„0^)3C(ay| &• J « |f?y)g*<«*+g*«<i?y| A- J<» |ay)] 

CaA^ffcos^KayiA-Jwiift)!1 

2 a 4 £ f c , m F 2 ° ( i £ ) 2 F 2 ° ( > ) ( a o o m 0 o o > ^ 
H ; )• (26) 

KaylA-JOIi^l* / 
In anticipation of the discussion given below, we have introduced the symbols 

K2=(—) £* («oo'*)2Wfc)*, (27) 

8 Oil, Eqs. (16) and (21). 
9 01, Eq. (25). 
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and 

a»sin«e2:„|ffmw|» 
K*= : . (28) 

2CaA)»|<ay|A-JW|igy>|* 
An important simplification in the expression for the relaxation time results when we limit consideration to 

those salts for which all matrix elements of Jz between the ground doublet and the first excited doublet vanish.10 

Because only J+ and / _ connect the first excited doublet with the ground doublet, 

3/32A2 sin0ym cos0yTO 

Hmw = Ze-^HajI J+u) I hj)+ei<pHajI J-U) I £#>]• (29) 

If there is an absence of a single preferred direction in the plane perpendicular to the crystal axis, as is the case 
for cubic and hexagonal symmetries, we observe the following properties of the Hm

(l">: 

Em ff»(«Fa0(ii»)aoo^"=Z» HJfiYfUmWooW, 
= Em Hm<-» Y2"(jmY(a0o'my, (30) 
= 0. 

The expression for the relaxation time is, thus, considerably simplified. We obtain 

1 (iPcos^+p:2)-1!-, 

Ti Tioff4 cos20 sin20 

12a4(#2 cosW+K*) E « F2
0(»2(aoo'w)2 |Jffm°' ) |2 2a4(#2 sitfd+2K'*) ~£m F,«OV»)4(«oo'*)4 

0JA)«|<ay|/x("|i?y>|* W 

16a6 Em Wf»)«(fl0o'")4|ff..W) I2" 
+ (/3A)6 | (ay |A«)|i9y) |2 . 

Furthermore, .K'2 is independent of 6 and is given by 

H4 cos40(#2 sin20+2.fir'2)+62MI2 cos20(#2 sin20+2i<:'2)+3if4(i72 sin20+2.K'2) 

(31) 

a2Em|-ffmW) |2 

Z' 2 = . (28') 
2GaA)'Ka,|Jx<»|i?y>|J 

Since l / 7 \ o a ff4, l / 7 \ approaches a constant nonzero value in the limit as H approaches zero. This limit is 
given by 

MK» Em Y2o(jmY(aooimY 16a6 Zm F 2 ° ( » 4 ( < W m ) 4 | F . w |2 

6 iMT' 2 1 
Ti r 1 0 # 4 cos2<? sinWPL (/?A)4 ((3A)6|<ay|/i«>| J ? y ) | 2 

12a4£2 Em F2»(»2(a0 0 'm)2 |27mW ) |2" 

08A)«Kay|/xW|l?y>|» -
(32) 

The fact that 1/Ti is not equal to zero in the absence of an external magnetic field is a direct consequence of the 
dipolar coupling of the excited doublet to the ground doublet. In the opposite limit, when the external magnetic 
field is much greater than the dipolar field, 1/Ti^l/T10. 

IV. DISCUSSION OF RESULTS 

We wish to compare (31) with a corresponding expression for the relaxation time calculated in an approximation 
that is a slight modification of the effective-field approximation of Brons11 and Van Vleck.1 In the effective-field 
approximation the factors of H arising in the expression for the relaxation time calculated in the absence of dipolar 
coupling are averaged over a mean square dipolar field K2, with the distribution (?(H') given by 

<?(H')dH' = (27ri£2)-1/2 exp )dH' 
\ 2Z2 / 

(33) 

10 This is the case for nearly all gi = 0 salts. 
11 F. Brons, thesis, Gronigen, 1938 (unpublished). 
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The inverse relaxation time in the absence of dipolar coupling must be interpreted as having a factor of ZZ6 in 
the numerator (arising from t rF / 4 iyy) and a factor of H2 in the denominator (arising from trF'2). It must also 
be noted that the factor of H6 in the numerator is the product of a factor of H* arising from the matrix elements 
of Vz taken within the ground doublet and a factor of H2 arising from matrix elements of Vz between the ground 
doublet and the excited doublet. Since in gi=0 salts only the term ^2A2Jz^')Jz

ik)(l--3 cos26jk) contributes to the 
matrix elements of FdiP within the ground doublet whereas the full set of terms, (5), contributes to the matrix 
elements of FdiP between the ground doublet and the first excited doublet, we argue that the factors of H* and 
H2 are to be averaged over different mean square dipolar fields, K2 and K'2}2 We obtain for the relaxation time in 
our modified effective-field approximation, 

1 1 (tf4 cos4$+6H2K2 cos20+3#4) (H2+3K'2) 
—= . (34) 
Ti Tw m sin20 cos20(#2 cos20+§i£2) 

In particular, for those salts having no nonzero elements of Jz between the ground doublet and the first excited 
doublet the modified effective-field approximation yields 

1 1 (H* cos*d+6H2K2 cos20+3#4) (H2 sin20+2iT2) 
- = . (35) 
Ti TIQ H*sin2dcos2d(H2cos2d+%K2) 

The difference between (35) and (34) arises from the fact that in (34) both Hz
2 and Hx

2 are averaged, whereas in 
(35) only Hi2 is averaged. 

Our use of the effective-field approximation differs somewhat from that of Van Vleck. We have averaged the 
factors H2 and H4 over different dipolar fields, whereas Van Vleck has averaged them over the same dipolar field. 
Our expression for the effective field approximation to the relaxation time is thus not the same as the expression 
found in his paper. 

Comparison of (35) with (31) indicates that the modified effective-field approximation omits the terms 

2a*(H2 $m2d+2K'2) £ m F2°(iw)4(a0o
?'m)4 

12a4(#2 cos20+iT2)Em F2°(»2(a0o 

^y\MJiu)\kj)\2 

and 
16a6 £ „ Y2o(jmY(aw'mY\Hm^|2 

www ' 
from the exact relaxation time formula. Since each of these terms falls off at least as rapidly as l/rjm

12, it is to be 
expected that their contribution to the relaxation time will be small. We presently show that for at least one rare 
salt this is the case. 

Ignoring the contributions of (36), (37), and (38) we see that (35) and (31) are the same, permitting us to 
identify the mean square dipolar fields, K2 and K'2, with the right-hand sides of (27) and (28). 

Our results are also to be compared with the results of Oil in which it was shown that for the two-phonon process 
the exact field dependence of the relaxation time for gx=0 salts was identical to that predicted by Van Vleck on 
the basis of the effective-field approximation. This is to be expected since in the two-phonon process relaxation 
time, a factor of H2, is averaged over a mean square field as contrasted with the factors of H* and H2 that are 
averaged in the direct-process relaxation time. As Van Vleck1 pointed out, the mean square dipolar field can be 
adjusted to yield the correct second moment, but then it does not necessarily yield the correct fourth (or higher) 
moments. 

In view of the complexity of (26) it is evident that there is little to be gained from an evaluation of the direct-
process relaxation time for rare earth salts not having gi=0. We can say, however, that we would obtain in the 
most general expression for the inverse relaxation time terms of the form (siak(fij/k^ij) (Ea—Ep)4{a \ Ti | 0)(/31 i y | a) 
(i^j) which take into account correlated relaxation processes and whose importance has been emphasized in OIL 

We will presently identify the mean square dipolar fields, K2 and K'2, introduced here, with the right-hand sides of (27) and (28). 

my\Hi 
jm\2 TJ (?) 2 

(37) 

(38) 
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V. NUMERICAL EVALUATION OF THE^RELAXATION TIME FORMULAS 

We now wish to consider the numerical evaluation of (31) and (33) having in mind a particular salt, dysprosium 
ethyl sulfate. For this salt the ground doublet and first excited doublet are given by13 

0.9641 ±9/2)-0.2611 T3/2)-0.0531 =Fl5/2>, (39) 
and 

0.8721 ± 7/2)- 0.4891 =F 5/2). (40) 

It is seen that only J+ and /_ connect the first excited doublet with the ground doublet. Hence, 

HJ» = -10.2/32A2 smdjm C O S ^ - ^ ^ A M 3 . (41) 

In the evaluation of K2 and K'2 we use the results of Daniels14 and Ketelaar15 and find 

i£2=2.02Xl05Oe2, (42) 
and 

Z'2=1.86X104Oe2; (43) 

so that, in the effective field approximation for dysprosium ethyl sulfate, 

1 1 (iQr4cos4^+1.2lXl06/ir2cos^+1.23Xl011)(£r2sin2(9+3.72Xl04) 
_ ~ (44) 
Tx T10 HA cos20 sin20(#2 cos20+1.01 X105) 

where H is measured in Oe. 
Consideration of the crystal structure of the ethyl sulfates shows that, of the terms (36), and (37), and (38) 

that have been neglected in making the effective field approximation, only the first gives rise to a noticeable 
correction to the expression for the relaxation time. Making this correction, we find 

1 1 (#4 COS40+1.21X1O6#2 cos20+l.HXlOn)(#2 sin20+4.77XlO4) 
—~ m (45) 
Tx T10 # 4 cos20 sin20 (H2 cos20+1.01 X105) 

The size of the correction, 1.11X1011 Oe4 instead of 1.23 X1011 Oe4, is an indication of the accuracy of the modified 
effective-field approximation in this case. 
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APPENDIX 

We now consider the evaluation of trF'4r/T/. Since the trace over a single spin operator vanishes, we can 
separate the trace terms into two distinct groups, 

tr(Fz
4+6Fdip

2F2
2+Fdip

4)C(^AH-J<'>| *<?;><§<& I W ' l f t X f t l V0L™\te)(hAP*R'W) 
+ E r . . . * . » / . ( * W * > F 2 ' ( ^ ^ (Al) 

and 

tr(4F/Fd i p+4F,Fd i p
3){i: r ,m a ^ F / 0 m ) * / , ^ [ ( / 3 A H - J«> I k i X i d t W » IftXftl J W » | i # > 

X<i^|Oi"(i)+Oi'(i) | JgyXigyl Vo^mXPA FoLW)|fey><^|]8AH.J«)]}. (A2) 

We first evaluate the VZ
A term in (Al): 

t rF 2
4 r y r /=a 4 cos40(0A#)6| <ay| h- J«> | ^ - ) | 2 | <|^ | F O L ^ |&>|2 

+a6cosV08Afl)*(Em|Fmcy)|2)|(^i|7OL(y)|ft>|2 (A3) 

13 M. J. D. Powell and R. Orbach, Proc. Phys. Soc. (London) 78, 753 (1961). 
14 J. M. Daniels, Proc. Phys. Soc. (London) 66, 673 (1953). 
16 J. A. A. Ketelaar, Physica 4, 619 (1937). 
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where 0 is the angle between the crystal axis and the direction of the external magnetic field. The symbol Hm™ is 
defined by (23). 

Similarly, we observe 

ttiVi^VfTjD^tofiQABf cos20|<a,|h- JW>\k,)\2\(hi\ W > | f t ) | 2 E* F2°(./£)2(<W*)2 

+6a4(ftU7)2 cos20 Efc.m.n,* txJ^Jz^Jz^J^Y^{jm)Yi(jk)a^ma^h 

X(ay| Er0/( i )F/(>)W"| i<7y><kyi E.0^(j)Y2 ' ( jpras^\a }) 

= 6a°(j3AHycos*d\{ai\h-J™\hq1)\
2\(hAV0^

)\P1
:)\2Z* F2°(i&)2(aOo"02 

+6a^AH)2cos20|<|gy|FoLW)|ft)l2E*F2»(^)2(aoo'fc)2|H*W)|2 

+ 12aB(/3Aff)2cos^|(^|FoL(')|i8y)|2E*.m'F2
0(^)F2

0(>)aoo%oo'm^«)Fm«>* 

+6a^AHycos"d\(iqj\Vo^\^iZk,JYi<>(jknaooiky\Hm™\i. (A4) 

The prime on the summation symbol means that none of the indices that are summed over are equal. 
Finally, we obtain 

trFd i p%-iy= a4 ( /3A F)2 |< a j |£. jo) | i g . ) | 2 | <ig.| F 0 L W ) |ft)|2 E*,™,,,,*, trWWWV.MYfUQYfUm) 

XFj°(i»)F,»(j#)aoo%oo/-aoof"floo/,,+aiE».»...p.«.«tr/,<*>7/»>/»<->//''>/.<«>7,('> 

X | (kyl FOL ( / ) | f t ) 1 W W W W ' t e / l E r Oi'OOFj'O'g)*^^! ky> 

X<ky|i:.Oi'(i)F«'0'0*«.o'«|ay> 

=a*(j3AHy\(±qj\ FoL(^ft)|2Kf?y| &• J«> k ) | 2 E * F2°(i^(a0o'*)4 

+3«*(/3A#)2| <ay| h- jw> | Jgy>|*| <i f t | FOLW) |ft)|2 E*,™' F2»(^)2F2<'(iw)2(aoo'i)2(«oo''")2 

+«101 <i«iI t W » | ft) |2 E* Y,o(jkY(aooihy | ff *«> 12+a101 (hqjI W « |ft) |2 E*,«' F2°( j£)4 

X (a0o>*)41ffm«> [2+3aw| <jgy| FOLW> |ft)|2 E*...«' F2»(j&)2F2°(im)2(a0o'i)2(a(,o'w>21/?„w) |2 

+6a1»| <Jft| Foi,^ |ft)|2 E*.»' YfUkm(jmy(aoaiknowS«)t\nm<fi |2 

+4«10|<ky| FOLW>|ft)|2E*,»' Yt°(jk)Wt°(jm)(a^''ya^^Hi^Hm^*+nk^*Hm^2 

+ 12a1" | <J?i| 7 0 L «> |ft) |2 E*.».«' F 2 » ( ^ ) 2 F 2 ° ( » F 2 ° ( » (a0o
3'k)2aooima0o'nHm^Hn™*. (A5) 

We now evaluate (A2). We obtain for the first term 

tr4F,»7«uPryrit=4a«0aAfl)« cos80| <^-| F 0 L W ) |ft)|2 E* W f e W T f o l A-J« |iSi>H*<«* 
+H»<«<*gi|A-JW|«i>]. (A6) 

And we find for the second term 

tr4FsFdip
3W=4a*(ftU7)2

 Cos0| (fa\ V0^ |ft) |2 E*.»...* tr/z«/2«yz<»>/^>F2°(i£OF2
0(im)F2°(i«) 

Xooo^flo^WKayl &• J w liftX&yl E r OirU)Yt
r(jp)*arJ'\aj) 

+<«y|Er01'0')F1'(i#)*aro"|igy><ift|A-J«>|ai>] 

= 4aB03AH)2cos0|<fcy| FO L
w ) | f t) |2 E* F2"(^)3(«oo'*)3[(«J-| A- J«>||g,)W>* 

+^«(^ |^J«) |ay)]+12a8( (8Aff)2cos0|(^ |FoLW>|f t) |2E*,JF2o(^)2F2
o( iw) 

X (floo*) W l l f a 1 h- Jw! ig,>ffro«
)*+^TO

(')<kyIA• Jw) |a,)]. (A7) 

Summing (A3), (A4), (A5), (A6), and (A7) we immediately obtain (20). 


